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Attitude Instability in Steady Rolling and Roll Resonance

Tiberiu Hacker*
Institute for Fluid Mechanics and Aerospace Design, Bucharest, Rumania

It has been pointed out in an earlier paper that unsatisfactory response characteristics in steady-rolling
maneuvers are not necessarily related to divergence in linear approximation, and it is the aircraft’s angular
position that experiences large deviations in the early stages of the maneuver. Two complementary causes of this
phenomenon are now considered. It is shown that steady rolling results in unstable angular positions of the air-
craft without regard to the value of the rolling velocity. The instability, however, is gentle and not critical by it-
self; it may nevertheless provide a propicious ground for perturbing actions, particularly the resonance effect.
This effect, though apparent only in second-order approximation, induces large deviations of the response in
pitch angle in the first 5-10 sec, and is essential in determining unsatisfactory response characteristics. It is shown
that the main parameters that control attitude instability are the lift curve and particularly the side-force curve
slopes: low values promote the occurence of a rough resonance affecting the pitch angle at certain rolling
velocities which would not develop for some higher values of these parameters. Resonance values of the roll rate
mainly depend on the longitudinal and the directional static stability and are higher the greater the static

stability.

Nomenclaturet

=matrix of the fifth-order linear system
inB,a,q,r, and p
B =matrix of the fourth-order linear system
inf,a,q, and r
g = gravity acceleration
h = shorthand notation for (- 1/y;+1/z,,)
l = unit matrix
I =mass moments of inertia about prin-
cipal axes

=nondimensional inertia coefficients

=shorthand notation for (—1/y;—1/z,,)

rolling moment per /,

=pitching moment per /,

=yawing moment per [,

D.q.r =scalar components with respect to the
principal axes of the aircraft angular
velocity

=time

=velocity of the aircraft center of mass

=aircraft weight

=side force over aircraft mass and speed

=aerodynamic force along z principal
axis over mass and speed

=incidence

=angle of sideslip

=small parameter

=rudder deflection angle

=elevator deflection angle

=elevation angle of the x principal axis

= aileron deflection angle

=real part of an eigenvalue of matrix A4
or B

=lateral attitude angle

=imaginary part of an eigenvalue of

matrix A or B
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tLower case and capital Greek deltas (6 and A) denote deviations
from some values of the system variables defined by given laws of
variation; a dot over a symbol stands for total time derivative.

Subscripts

0 =denotes approximation of order 0 with
respect to e

1 =denotes first approximation with
respect to e

2 =denotes second approximation with

respect to e

=denote partial derivative due to the
respective quantity (e.g., y; =0dy/48,
mg=0m/3(da/d1),l,3°1/3da)

pa.r.oeB,Em,

Superscript
T =transpose

Introduction

T was generally accepted since Phillips’ now classical note!

published in 1948 that, with positive static stability and
positive damping, the only criterion necessary to consider
when studying the flying qualities in steady rolling is that
corresponding to the sign of the free term of the characteristic
polynomial of the simplified fifth- or fourth-order linear
equations system (in 8,«,q,r, and p as the fifth variable) ob-
tained by neglecting the gravity terms (see Ref. 2, p. 553).
Negative free term means divergence, which was held ac-
countable for the high-peak-amplitude deviations of some of
the system variables, particularly sideslip and incidence. It is
shown, however, * that divergence connected with the negative
free term of the characteristic polynomial is not necessarily
critical. Response over a reasonably long interval may be
quite satisfactory with a negative free term while it is also
possible that the response may be unsatisfactory with a
positive free term. It is also shown that the attitude angles are
the first to take on dangerous values, which eventually may
induce unsatisfactory behavior of sideslip and incidence.

The calculated time histories of the attitude ¢ and the in-
cidence, as compared to the ideal variation of these angles, are
plotted in Figs. 1 and 2 in some seemingly contradictory
situations for the aircraft and flight condition used as an
example in Ref. 3. Diagrams in Fig. 1 represent (in full lines)
the response characteristics in « and 6 in a rolling motion for
which the conventional simplified linear analysis predicts un-
satisfactory behavior.} In Fig. 2 the variation of o and # in a

tAccording to the criterion related to the sign of the free term of the
characteristic polynomial, unsatisfactory behavior is predicted for roll
rate values in the range from 3.24-4.41 rad/sec for the ilustrative
example used.
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Fig. 1 Simulated and ideal variation of « and 6 with ¢ in steady
rolling maneuver, divergent according to conventional linear analysis
(py=3.84 rad/sec).
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Fig. 2 Simulated and ideal variation of « and 6 with 7 in a steady
rolling maneuver, stable according to conventional linear analysis (p,
=1.63 rad/sec).

rolling motion that corresponds to a situation well within the
stable domain according to the conventional linear analysis is
plotted.

To explain the unexpected violent deviation experienced by
the position angle 6 in the latter situation, two complementary
causes will be considered: a) instability with respect to the at-
titude angles ¢ and 6 considered as additional state variables
of the system, and b) the roll resonance.

Some Earlier Results

Generating System and Generating Solution
The curves in full lines in Figs. 1 and 2 represent the time
histories of « and @ calculated by integrating a fairly complete
nonlinear system, i.e.,
B=Y .8+ pa—r+ (g/V)sing cosh (1a)
a=z,0+q—pB+ (g/V)cosod cosb (1b)
q = mua + mqq_ mdpﬁ + izP’
+ (g/V)m cosg cosh+m,n (1¢)
r=ngB+n. fat+n,g+nr+n,pt+n, po

&

—ipg+nE+ng (1d)
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p=08+1 S+ l,g+lr+1,p+1; 8a

il ra—igr+l 841§ (le)
é=p+q sing tanf +r cosptand (11)
6=gq cos¢—r sing (1g)

with i, =m,, +2,Mzm,=m,+m,.** They are compared

with an ideal periodic variation of the respective variables,
when the roll rate is constant (p=p,), (dashed lines), namely

a= - (g/Vz,)cos pyt
0=(g/2Vy[—U/ys+1/2,)+ (1/y;—1/z,) cos2p,t]

for the same initial conditions and control input [see Eqs. (6)].
The ideal solution is obtained as a first approximation with

respect to the small parameter e=g/V. The method is

described in Ref. 3 and will be outlined in the following.

Ratio g/ ¥, and implicitly the gravitational terms in system
(1) are small as compared to most of the coefficients. This
gives rise to the idea of seeking the solution in the form of
power seriesin g/ V, i.e., if e=g/V, in the form

B=Bo+eB, +eBr+... d=ay+ea;+e’as+... (2a,b)

q=qo+eq,+eg,+... r=ry+er,+eir,+... (2,c,d)

p=potep,teip,+... ¢=d,+ed,; +eld,+... (2e,1)
0=0,+¢f,+e’0,+... 2g)
The control functions used are of the form
E=totet,
If

n=1n9+ten, {=¢€p+e
So=po(—l,n.+n,l.)/6p, my=0,
f/):po([p”s "”pls)/ao, ‘Sa:/g”;—nglg 3)
with p,=const, we have 8,=a,=¢qg,=r,=0, =0 and ¢,=
pot. Then by transforming Eq. (1) according to Egs. (2)

and (3), and dividing each of the transformed equations by ¢,
we obtain

Br.angninp) =ABLaLgnrLp]’
+F +ClEnn &1 7T (4a)
d’/zp/ 9/=q,cos Pol —r,sinpyt (4b)
for the first approximation (e =0), and
182,605,G5,72,0:1 T = AlB2,05,G 275,051+ F, (5a)
b,=p,+q,0,sinpyt+r,8,cosp,t
6, =q,cospyt—rysinpt (5b)

for the second approximation (e = 0), and so on. Here

s Do 0 -1 0
—Po Zu 1 0 0
A= —mypy m, mg [Py 0
ny n, a, n, n,

L b I, &0 1, A L,
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0 0 0 ] F sinp,t [ 0 B
0 0 0 cospyt i 0 ’
C= 0o m, 0 Fy=| mycospyt = | 0 ‘
n; 0 n; 0 ne,& o
L 0 | L 0 J U lnd oy + 1,80, o —ig,r,
where A, =n; &g+ n,.p00,0,=n,—13py; the control where £, n,, and ¢, are as in Eqs. (3) and

parameter £, is as in Egs. (3), while the control functions &,,
n,, {;, and the components 3,,«,,q,,r, of the corresponding
sosution of (4a) which appear in F,, are as defined below.
Equations (4) are considered in Ref. 3 as a generating
system. This set of seven equations splits into two groups.
Equations (4a) constitute the first group, which is actually an
independent system of five equations and — given the initial
conditions and control input — completely defines five com-
ponents of the solution. Assume that it admits a periodic
solution: the generating solution. According to the theory un-
derlying Poincaré’s method of small parameters, this is a
satisfactory approximation of the solution of the system with
e#0, for a sufficiently small ¢, if matrix A4 is stable. That
means that under such a condition the system with a suf-
ficiently small € admits a unique periodic solution depending
on ¢, which is asymptotically stable and tends toward the
generating solution as ¢—0. The remaining two components
of the generating solution ¢, and @, are obtained by
quadratures according to the second group (4b). However, the
zero solution of the variational system corresponding to the
generating solution including ¢ and 6 is neutrally stable only,
and the complete generating system (4) admits a family of
periodic solutions depending upon some parameters. In Ref. 3
we have shown the condition allowing us to find those values
of the parameters for which the corresponding solution may
actually be a first approximation of a solution of the system
with €20. This condition, requiring that the mean value of
the right-hand side of the last equation in (4) be zero, has been
incorporated as an additional constraint, which — along with
those deriving from the specific needs of the particular motion
sought — determine the solution and the corresponding con-
trol input. Specifically, the conditions according to which
rolling is steady, flight is horizontal, aircraft is not sideslip-
ping, and its wings are level at the initial instant along with the
previously mentioned condition of bifurcation, eventually
lead to the following expressions of the seven state variables

B=¢€B8;=— (¢/ys)sinpyt (6a)
a=¢ea;=— (€/7,)cospyt (6b)
g=¢eq,=¢ pyh sinpyt (6¢)
r=er;=—e pyh cospyt (6d)
pP=pytep,=pg (6¢)
p=dg+e ¢, =pyl (6f)
0=¢€0,=€e(k—hcos2p,t)/2 (62)
where h= —1/y,+1/2,, k=—-1/y,—1/z,, and the three

control variables
E=Egte & =5 +e(Esinpyt+ Efcosp,t)
n=ny+e€n; =e(n]sinpyt+njcosp,t)

{={p+e { =5 +e({sinpyt+ {fcospyt) 9

§i=(nd,—1ln;)/5, §i=(ndy—1ens) /6,

ny=m;/m, ni=m,/m,

ﬁ:(/&n,—ngl,)/é, ?;/:(/g”z‘nglz)/él N’
with

ly=1/y,—hl,p, L=l Ey/z. +hp,

ny=n;/ys—poh(A,—py) ny=h,/z,+hn,p,

my=—po(m,—m;/y;) mo=m,_ /2. +h{1+i5)p}

Si=ln.—nl.
In Figs. 1 and 2 dashed lines represent the ideal variation
with time of « and 6 as given in Egs. (6).

Controls Consistent with a Motion

We have used the expression ‘‘controls consistent with a
motion’’ in Ref. 3 to designate any control functions for
which the corresponding system of equations admits a
solution that describes the given motion. Controls as in (7) are
consistent with the ideal steady rolling described by Eqgs. (6).
Two features should be emphasized.

a) No claim to a strict physical fidelity is implied. Input
functions in (7) do not represent precisely what a pilot would
do. Besides this is both individual and generally speaking
unrepeatable. Relations in (7) are the ideal control functions
corresponding to an ideal motion (control functions for which
system (4) admits (6) as a solution). They are used in the same
spirit as the fixed controls when studying stability of a steady
straight flight.

b) For actually obtaining a given motion, it is not enough
to use controls consistent with that motion. The correspon-
ding solution that describes the motion should also be a stable
solution of the system.

Attitude Instability
Denote

X;=B—€B,, X,=a—ea,, X;=q—cq, X;=r—er,

Xs=p—Dg Yi=9¢—Dpol, y,;=0—¢lb, (8a-8g)

Then, by taking systems (1) and (4) into account, the
variational system corresponding to the ideal solution (6) will
be

X=(A+eD(1))x+eG(y+O0(e?) (%a)

y=eHO)y+K()x+0(e?) (9b)
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where A is as in Eq. (2) while

J' 0 0 0 0
0 0 0 0

D=| 0 0 0 0

f 0 Iy 0 0

|, 0 1B+l +l 8 —iry lhay—iq,

[ cospyl 0

—sinp,¢ f,cospyt
" 0

G=1| —m.sinp,t  m.0,cospyt | H=

! pohcos2p,t

\ 0 0

L 0 0

[0 0 0 ed,cospyt 1
K:

0 0 cospyt —sinp,t 0 |

with 8,,a,,q,,and r; asin(6)and £, asin (7).

An examination of system (9) might answer the question
why controls consistent with an ideal steady rolling within an
approximation of order e, are sufficient to achieve the

—mB+ir,

N, 0 —13q )
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—pohcos2pyt —t
o

cessive approximations to the characteristic equation of
system (10) can be calculated according to a pattern described
in the Appendix (see Chap. 3 of Ref. 5 or Section 60 of Ref.
6).

Let C(4e) =Cy(t) +e C, (1) +€°C, (1) +’C;(H +... be
the fundamental solution matrix, with C,(0)=1, C;=0, i=
1,2,3,... Then we can successively calculate

7 B 0 ~ (h/2) sin2p,)t]
Coty =1, C’(t)_[(h/Z) sin2p ¢ 0
c (t):[—hz(l—cos4p(,t)/8+hk(1—c052p0t)/4 0 ]
2 0 — (h/4)2(1—cos4pyt)
- 0 he [ —pokt— (h/8) sinpyt+ (k/4) sindp,t+ (h/24) sinép,t]/8
2 (1) =
2 [ —pokt+ (k—h/4) sin2pyt— (k/4) sindpyt+ (h/12) sin6pyt]/8 0

maneuver acceptably for certain values of p, (Fig. 1) and
result in a dangerous unstable motion for other values (Fig.
2). The form of system (9) (parameter-excited) suggests that
parametric resonance’ is responsible for this anomaly.
However, a complete analysis of system (9) that would allow
us to infer parametric resonance and determine the resonant
values of p, is exceedingly involved.§ Therefore only a sim-
plified study of system (9) will be presented in the following.

Simplified Equations of Attitude Deviation

Assume that the stability margin of matrix A4 is large
enough to cause an acceptable rate of decay of the x variables.
Group (9b) will be considered as a separate system in y and the
terms in x as perturbations. The simplified system in y can
then be written in the following form¥

8d=(1/2)e’pyh sin2pyt(k—h cos2p,t)dp — epoh cos2pyt 66
(10a)
80=c poh cos2p,t b¢ (10b)

Let C(t,e) be the fundamental matrix of solutions of
system (10) corresponding to the initial value C(0,¢) =1. We
may consider its power series expansion in e. Hence, suc-

§As far as | know, the problem of parametric resonance has been
solved completely only for systems of some particular forms (e.g., for
the canonical equations, see Ret. 5, Chap. 5).

€We consider the second approximation in ¢, rather than the first
one, as the latter is not conclusive because it gives only neutral
stability. If the term of order ¢ in (10) is dropped, 866 + 6650
vanishes, hence 6¢° + 667 :6¢2(O)+503(0) =const.

and still further the successive approximations to the charac-
teristic equation det[\N —C(T,e)]=0, where the period T=
w/Py

A—1 0 |
Eo()\,f) Edet()\I_C())El 0 )\_1|:0

A—-100 |
E,()\,e)Edet[)\I—C()—eC,(T)]EI 0 )\_1"—0

E;(Ne)=detiN—Cy—eC,(T) —e’C,(T)]

_|A—=1 0 |_
“lo >\—1l_0
E;(Ne)=detiN—Cy—eC(T) —e?C,(T) =’ C;(T)]

A~ 1 Cah’k/8|
e?Th’k/8 AN—1 -

0

The approximation of order ¢ is the first to give a nonam-
biguous answer as one of the roots of £; (A, e) =0, viz. A=1+
e’mh?k/8 with k>0 is in the instability region (in the exterior
of the unit circle: Nl =1), though in rather a close neigh-
borhood of the boundary. The preceding approximations
have their characteristic roots on the very boundary (both
roots equal to 1), and therefore are inconclusive.
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1t is noteworthy that the unstable root A=1+¢€’n(1/z,—
1/y3)?(—1/z,—1/y5) /8 (where y; and z, are negative) is
independent of the roll rate py, and depends on the flight con-
dition and the aircraft characteristics, through the agency of
the lift-curve and side-force-curve slopes (z, and yg), in a
straightforward way.

Consequently, steady rolling is always unstable with respect
to attitude of the aircraft, and it is the more so the lower the
value of —z, and —yy, particularly so in case of y;.

A more detailed analysis may emphasize other influences as
well. The es ential conclusion of the above simplified
discussion is, however, the existence of an instability in steady
rolling due to the position angles without regard to the
magnitude of rolling velocity.

Nonsimplified System

To more accurately estimate the rate of growth due to in-
stability, we have integrated the system of the nonsimplified
seven equations in deviations (8) over an interval of 60 sec for
the initial condition zero (at the same couple of values of p, as
noted previously). The accuracy of available controls is still
assumed of order ¢ (it would seem rather unrealistic to assume
any greater accuracy) so that the system in deviations does not
include control terms. It can readily be obtained from Egs. (1,
4, 6, and 7), and may be written as
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Time, sec
5 10 B 20 25 30 35 40 45 50 55 60

=60 py=163 rag/sec

Fig. 3 Time histories of the deviation 66 of the elevation angle of x
principal axis from its steady-state periodic variation during 60 sec at
py =1.63 and 3.84 rad/sec for the original aircraft (1) and a fictitious
augmented aircraft (2).

is of no avail in the determination of the resonant values of
py. The following equally simplified study helps us find such
values.

Second-Order Approximation

Vector F, in Eq. (5a) is now defined by means of relations
(6) and (7)’ (which determine the functions 8,, «,, q,,r,, and
£,) and we can compute the solution in second approximation
with respect to . We have

F2=5Yo+3:15in 2p0t+§2008 2[)0[

83 =308+ pyda—dr+ea; (1)8p+8adp +¢[sin(dp + pyt) cos(86 + €8, (¢) ) —sinpyi]

66 = —pydB+z,0a+0q—eB,;(1)op—08B5p+elcos(6p+pyt)cos(86+¢b,(t)) —cospyl]

8g=—mpyoB+m Sa+m,b6q+ipedr+e(ir;(t) —myB,(t))op—m685p

+1i,0r6p+ e[ m cos(8¢ + pyt)cos(80+ €6 ;) —m cospyt]

0F=ngofB+ (A, +eng §,(1))oa+n,6q+n.or+ {n,+e(nyeo; () —izq, (1)) 1op

+ 1, 808P — 138qOp + €N £ () (1)

op=(Ig+elgo; (£))0B+ [eab o+ el k) (1) HgoB, (1) +1,r, (1)) 10+ (1,

—eiyr (1))0g+ [, +e(l o, (1) —i;q, (£)) 10r+1,0p+1;3,6B6c
+Inxéa6r_i[6q6r+62[lﬁaﬁl(t)al(t) +lg0, (), (8) —igg, (), (1) +15a£1(t)0f1(t)]
8¢ =08p+ [ (8g+€q, (1) )sin(dp+pyt) + (6r+er, (1)) cos(8¢+ pyt)tan(sd + €8, (¢))

80 =[b6q+eq, (t)]cos(dp+p,t) — (dr+er, (1))sin(6d +pyt) —elg, (t)cospot —r, (£)sinp,t]

(11

We have plotted in Fig. 3 the time histories of the deviation
66 of the elevation angle from its steady-state periodic
variation [as in Eq. (6)], for p,=1.63 and 3.84 rad/sec,
during 60 sec. The attitude instability predicted previously ac-
counts for the (rather slightly) diverging trend of the response.
Some other perturbations are obviously superimposed.

To make the influence of the force derivatives y; and z,
more conspicuous, we now assume that they can be increased
by a factor, say, 1.5, while the rest of the system is left un-
changed. The resulting variation of 66 is also represented for
comparison in the same figure. Instability is obviously
lessened.

Though generally gentle, attitude instability increases the
receptivity of the response to various perturbing causes. One
of such causes, perhaps the most significant one since it ap-
pears in the early stages of a rolling maneuver, is the roll-
resonance effect. As will subsequently -be shown, this effect
may be quite striking although it is only of second-order with
respect to e. It will also be shown that the effect is weaker, to
the point of virtual absence, when attitude instability is
diminished (by an increase of —y; and —z,).

The simplified analysis just presented has enabled us to in-
fer the instability for system (9) and point out the role of y;
and z,, in controlling the extent of this instability. However, it

where

- 0 -
0
Fo=F,= 0
—ng k1122,

(poh[m _‘15‘12 ;’) /Zzu
0

0
f;]: 0

_niug ;/Zzu

- [’Ip5h2+ ([E(xs;_[ﬁia/yd)/z(x]/z

Then 8,, a,, g5, I, and p, in Eq. (2) will be determined in
the following form

B2=B20+B2 sin2pot+B,, cos2pyt

;=0 tay Sin2poi+cx22 Cosngt-
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q>=q 2+ gy SIN2pyt+q,; cos2pyt
ry="ry+T SiN2pot+ry; cos2pyt

P2=Pa+ D2 SIN2Pgl-+pyy COS2pyt
by a linear set of five algebraic equations, namely

7o
A1B20:®20:G 2057 20sP20) = —F
and a linear set of ten equations, namely

AlB21G21-r20,P20 ] !

+2p1B22 022, q 02, 220221 T = —F,

—2po(B21021,q2057 21021 ] 4
+A[B22:020, G20, 22,0221 = =F

Transient Component and Roll Resonance

Consequently, we have the following initial values of the
coefficients of € in the steady-state solution: 8,(0)=8,,+
B2, ax(0)=azg+ay, q(0)=qx+ g, r:(0)=ry+rnp,(0)
=p,;+ - They generally differ from zero. Now we have
computed both the time histories of the state variables of
system (1) and the respective components of the generating
ideal solution (6) for the same initial conditions. This implies
that, in addition to the steady-state components calculated as
shown in the preceding section, the second-approximation
correction also includes a transient component described (in a
linear approximation) by the solution of the variational
system

[AB,Ad, Ag,AF, Ap] T=A[AB, A, Ag, Ar, Ap] T
corresponding to the following initial conditions:

AB(0) = —€’B,(0), Aa(0) = —€’w,(0),
Aq(0) = ~¢q,(0), Ar(0)=—¢’r;(0),

Ap(0)=—¢€"p,(0)
Let
[AB(D), Ax(l), Aq(1), Ar(r), Ap()]7

be this solution. Then the first five components of the com-
plete solution in second approximation as regard the small
parameter e of system (1) is given by

"55—[ T Y Py
8é ‘ ‘ —Py 2,
6q (‘ ! —-m.py .,
oF } = i n, n,—en
5 | | Lty L Ea el E LB+,
e ‘ ‘ 0 0
| 86 | 0 0
€cosp,t —e28,sinp,t
—esinp,t —€20,cosp,t

—em sinp,¢ —e2m0,cosp,t

0 0

0 0

€8, (q,cospyt —r;sinpyt) e(q,sinp,t +r cosp,t)

—e(q,sinp,t +r,cosp,t 0
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B +eB,+AB=€B,+¢€°B,
ea,+62a2+Aa=ea,+eZd2
€q,+e’q,+Ag=cq, +€q,
er; +e’r, +Ar=—er, +e°F,

Potep;+Ap=p,+e’p,

The remaining two components, namely ¢ and 6, are ob-
tained by quadratures according to Eqs. (4b) and (5b). In the
latter, p,, G, and 7, are substituted for p,, q,, and r,, respec-
tively.

To be definitive, let us consider the component ,. It will in-
clude steady-state and transient parts, the latter due to Aq and
Ar. The steady-state part, viz.

0,=0,(0) + (1/py) lg2+ (qs,—r2) /2] sinpyt
+ (1/py) [rs0— (g2 +ry) /2] cospyt
+ (1/6py) (g2, +72;) sin3pyt

+ (1/6py) (ra;—qz) cos3pyt

multiplied by ¢? is usually negligible as compared to ef,.
Matrix A in typical situations has at least one pair of complex
eigenvalues, say o+iw. Then the expression for the transient
part A9, has [o° + (w—p,)°]” in the denominator, and
therefore is the potential source of a resonance phenomenon
for p, close to w when lol is small.

Resonance is a property of linear systems. We can therefore
expect high peak values of the solution of the linear system in
deviations to occur in an early stage of the maneuver in
resonant or quasiresonant situations (i.e., when p, is equal or
close to a natural frequency of the variational system when
the corresponding damping is low). The nonlinear terms in
such situations are not negligible, and come to prevail soon
after the start. Hence, near resonance ‘linear response’ cannot
offer any true description of the actual motion either
qualitatively or quantitatively. However, it may successfully
serve as a model in far-from-resonance conditions, over an
initial interval of time long enough to be useful for practical
purposes. We have plotted for illustration in Fig. 4 the
variation with time of # in linear approximation, viz. €f, +
80 inears With 80y, calculated by integrating the following
linear system in deviations [linear part of Eq. (11)].

0 —1 €
/ 0 —ef
m, i>py eliry—m.B3,)
a,=1py n, n,+e(n, o, —izq;)
) l,—eisr, [, +ell a,—i;q;) [,
e sinp ot e ,cospyt /
cospyt —sinp,t 0
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683 | r 0
ba 0
bq 0
_ (12)
X | or | +e? ne &0y
op [Eozglal+Il‘3uBlal+1nxa1r1—iIQIr/
¢ 0, (qg,sinp,t +r,cosp,t)
[80 N 0 -

with 8,,«,,9,,r;,0, as in Eq. (6), £, and £, as in Egs. (3) and
(7)’, respectively, integration being carried out for zero initial
conditions. The curve obtained for p,=1.63 rad/sec is very
much unlike the corresponding one in Fig. 2, while for p,
=3.84 rad/sec resemblance to that in Fig. 1 is quite
remarkable.

As can be seen from Fig. 5, 1.63 rad/sec is a resonant value
of p, (the only one that is of practical interest for the given
aircraft and flight condition). There is a range about this
value, somewhere between 1.5 and 2.2 rad/sec, where the
elevation angle exhibits large deviations. As a matter of fact
this whole range is situated in the domain supposed to be
stable according to the conventional linear analysis (where det
A>0). A few qualitative comments concerning the main
parameters influencing the resonant values of p,, based on a
simplified analysis, are given in the last section.

Influence of the Side-Force Curve and
the Lift Curve Slopes: Illustrative Example

We have poinied out that a) attitude instability increases the
sensitivity of the response to disturbances, particularly the
resonance effect, and b) the rate of growth caused by in-
stability mainly depends on the valueof y;and z,.
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Fig. 4 Variation of the pitch angle with time in linear ap-
proximation: 0 = ¢ ; + 66 ;... With 80y, calculated according to Eq.
(12).
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Assume for illustration that y, (Case 1) and then both y,
and z,, (Case 2) are augmented by the factor 1.5., while the
rest of the parameters are left unchanged in the numerical
example already used. Attitude variation is virtually trimmed
for at least the first ten seconds at p, = 1.63 rad/sec (see Fig. 6
as compared to Fig. 2). Now change in values of y; and z,
resultes in a shift of the resonance values of p, (see Fig. 7).
The imaginary part of the lower frequency mode w, equals p,
when p,=1.38 and 2.00 rad/sec in Case 1, and p,=1.41 and
2.00 rad/sec in Case. 2. The real parts corresponding to p, =2

“2-p

Po, rad/sec

2 3 4 5
0 T ST : i 7 i T

2

-15°
Fig. 5 Determination of the resonant value of p,, and variation of
the dissipation factor ¢ with p .

Time, sec

Fig. 6 Variation of ¢ during 10 sec at p,=1.63 rad/sec when »;
(Case 1) and simultaneously both y; and ;,, (Case 2) are increased by
the factor 1.5 as compared (o the respective ideal periodic variations.
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Fig. 7 Real and imaginary parts of characteristic roots vs p, when
¥z (Case 1) and both y; and z, (Case 2) are augmented by the factor
1.5.
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6, deg

Time, sec

Fig. 8 Variation of # during 10 sec at the ‘resonant values’ of p, for
both cases of (fictitiously) augmented aircraft: for Case 1, p,=1.38,
for Case 2, p, = 1.41 rad/sec.

o Py =384 o= 170 CASE !

8 %=3.84 CASEZ2

Time, sec

Fig. 9 Variation of § during 10 sec at a divergence value of p, in
Case 1 (p,=1.7 rad/sec, A= +.032 sec ~1), and at an oscillatory-
instability value in both cases (p, = 3.84 rad/sec: ¢, =2.12 in Case 1,
and 1.86 sec ~ ! in Case 2).

rad/sec have relatively high values in both cases, hence 1.38
and 1.41 are the only values of p, to be considered. As can be
seen from Fig. 8, the resonance effect is practically speaking
suppressed and the attitude variation remains acceptably close
to the ideal periodic variation.

Augmenting y; and z,, affects the spectrum of matrix 4 in
some other ways as well (Fig. 7). Thus the lower frequency
oscillatory mode splits into two aperiodic modes for a certain
range of p, (from about 1.6-1.8 rad/sec). Within this range,
between approximately 1.65 and 1.75 rad/sec matrix 4 has
one eigenvalue which is nearly zero. (In Case 1 in the vicinity
of p,=1.7 one of the real roots is slightly positive). Then
again when p, exceeds a certain value (of about 2.18 in Case
1, and 2.37 in Case 2) the higher frequency oscillations
become unstable. Both these secondary effects are, however,
negligible during any initial interval of time of practical in-
terest. Thus, as is seen in Fig. 9, the positive real root at p,
=1.7 rad/sec in Case 1 (A= +0.032 sec "') proves to be
rather harmless during 8-10 sec. When p,=3.84 rad/sec no
deviation of irregularity is discernible in either case during at
least ten seconds, although at this value of the roll rate, matrix
A is unstable, admitting complex eigenvalues with positive
real parts (¢, =2.12 and 1.86 sec ~! for Cases 1 and 2, respec-
tively).

Summing up, low values of y; and z,, account for the un-
pleasant behavior in roll near resonance. Now the
specifications that usually define y; and z, do not include one
to prevent roll resonance. (Moreover performance and
resonance requirements as regard z, would be conflicting).
Therefore, the most natural way of avoiding an unwanted
resonance effect is to shift the resonance range of p, beyond
the aircraft maximum roll rate capability or to place operating
restrictions on the maximum allowable roll rate for a given
aircraft and flight condition.

Influence of Static Stability

A simplified discussion may help us discern those
parameters that control the imaginary parts of the charac-
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teristic roots of matrix 4, and hence are essential in defining
the résonant values of the rolling velocity. First, consider the
case of two pairs of complex eigenvalues of matrix B (ob-
tained from A by removing both the fifth row and fifth
column under the assumption either that n, is negligible or
that rolling velocity can be maintained strictly constant). Let
o;xlw;and 0, +iw,,w;<w,, be these eigenvalues. Then
disregarding some small terms in the identity

(AN =20, A+ 07 +w3) (N =207+ 03 +w3) =det (B—N)
leads to the following relations

0, +t0,= (yd+z(x+ mq+nr)/2

w§+w§+40102w,w2= bl (05-{-05) —I?l“-f-n,;-i— (1_12i3)p5
+man+z¢xnr +zamq +y;’1'nr +ydzu (13)
(w2 +02) (w3 +ol=det B (14)

The damping derivatives m,, n,, y;, and z, are small as
compared to the static stability derivatives sz, 1 and n;, hen-
ce o, and o, are relatively small. ' To establish the main in-
fluences, only the main terms are left now in Eqgs. (13) and
(14). Then the following approximate relations

Wi rwi= —,+ng+ (I —i;)pi=2b

=bi;(pi+m,/i) (ph—ns/is)=c (15)
are readily obtained, when wi=b—(b’~c)"”
=b+(b2-0)".

When only two of the eigenvalues of B are complex, say o
+iw, we have A\, +w? =2b and \,\,w? =c rather than (15)
(A, and A, are the real characteristic roots), and w’ =b+ (b’
)", N N=b—(bP—c) "

To avoid resonance at low values of p,, band ¢, Im, ! and
n; should be large. To estimate how large their values should
be, using simplified systems such as the previous is not recom-
mended. They are, however, suitable for drawing some sim-
ple, qualitative conclusions. It appears indeed that Phillips’
carly results ! entail several valid qualitative conclusions if ap-
plied to finite-time rather than asymptotic behavior (viz.
stability) of the aircraft in a rolling maneuver. Specifically,
Phillips’ intuition proves correct in as far as it implies that a)
the decisive parameters controlling the response charac-
teristics are the static stability derivatives (m, and n;), and b)
there is some range of the critical roll-rate values for which
behavior of an aircraft is unsatisfactory, and these values are
higher the greater lm,! and n;. The critical roll-rate values,
however, can be located in the neighborhood of the imaginary
parts of the relatively lightly damped characteristic roots as
well as in the divergence range (values of p, for which matrix
B has one positive real eigenvalue, i.e., when detB<0). The
former type of critical roll-rate value is perhaps of even
greater interest than the latter type because of its common oc-
currence plus its rapidly developing pathological motion.
Moreover, a negative free term of the characteristic
polynomial of the linear fourth order system (detB<0),
although detrimental in the long run, may be (and often ac-
tually is) beneficial in the early stages of the motion since it
eliminates the oscillatory mode with the lower natural
frequency and thus delays the appearance of the resonance ef-
fect until higher roll-rate values are reached or it prevents
resonance altogether. It is sometimes desirable indeed to have
the lower-frequency oscillatory mode split into two aperiodic
modes especially as sensitivity to a change in static stability of
the resonant value of p, often is lower than it might be ex-
pected. Thus, this value increases by 20% only (from 1.63-
1.96 rad/sec) in the numerical example previously used, when
both m, and n; are augmented by a factor as large as six.

and w3
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Appendix: Some Properties of Linear Systems
with Periodic Coefficients Depending on
a Small Parameter

Characteristic Equation of Linear Periodic System

Consider the system
X=P(f)x (Al)

where x is an n column-vector, and P(¢) a periodic matrix-
function with period 7. Let C(¢) be a fundamental matrix of
solutions of (Al), that means, since C(z+7) is again a
solution of system (A1), that

C+T)=C(nA

where A is a constant nXx n matrix. The equation in A\ det
(M —A) =0 is referred to as the characteristic equation of
system (Al). It is independent of the choice of the fun-
damental solution matrix (see Ref. 5, Chap. 3, Sec. 2). Con-
sider the particular fundamental solution defined by the
initial condition C(0)=17. Then A=C(T), and the charac-
teristic equation can be written as

det [N[—~C(T)]=0

Fundamental Solution Matrix as Power Series in the Small Parameter

Suppose that the right-hand side of (A1) depends on a small
parameter ¢ and system (A1) can be written in the form

X=[Py+e P, (1) +e“Py(t) +... 1x (A2)
Then we can consider the expansion
C(te) =Co(1) +eC, (1) +eC, (1) +e7 C5 (1) +...
of the fundamental solution matrix defined by C(0,e) =/ and
successively calculate the coefficients C; (). Equating coef-
ficients of equal powers of € on both sides in
) e"c’,(t)z[ ) E'PI(I)]X[ Y e’C,(t)]
i=0 i=0 i=0

leads indeed to the equations

C(,(t):POCO(l)
Ci () =P,C (1) + P, (1)Cy(1)

C2 () =PyCy (1) + P (1)C; (1) + P, (1) Cy (1)
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which can be integrated successively for set initial conditions.
In particular, for C(0,e) =1, i.e., Cy(0)=1, Ci(0)=0, |
=1,2,3,... the formula of variation of constants gives

Co(1y=e"

! v
C, (1) :So e”o“'-">[ E P‘(s)CA,,‘.(s)] ds, v=12,3,...
i=1

Stability Criterion

Consequently, the coefficients of the characteristic
equation

det NN —C(T,e)]=0 (A3)

can be determined approximately by calculating C,(T7T),
C,(T), C,(T) and soon.

The characteristic equation (A3) provides information con-
cerning stability of the trivial solution of system (A2). Asymp-
totic stability means that all characteristic roots are strictly in-
side the unit circle, I\;!1 <1, i=1,2,... n; neutral stability that
they are within and/or on its boundary, I\;l <1, and only
simple elementary divisors correspond to the characteristic
roots of absolute value 1; finally instability either means the
existence of a root on the boundary with a multiple elemen-
tary divisor while I\;l <1 (general solution includes secular
terms) or the existence of a root in the outside of the unit cir-
cle, |IA;1>1 (exponential instability). Successive ap-
proximations should be continued until a clear-cut conclusion
is reached, i.e., either asymptotic stability or instability is ob-
tained: neutral stability in first approximation is inclusive. (So
are the first and second approximations to the characteristic
equation of system (10), having double critical roots with two
simple elementary divisors; the approximation of order ¢ ad-
mits, however, roots outside the unit circle, hence the trivial
solution of (10) is exponentially unstable.)
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